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Ukraine

Abstract. Hydraulic characteristics of polydisperse mineral suspensions such as viscosity, concentration, porosity,
volume and weight content of solid and liquid phases are necessary to calculate the speed of free or constrained deposi-
tion and floating of particles of different composition and size. This speed is the basis for the calculation of hydraulic
classifiers and separators for the enrichment of mineral pulps. Determination of hydraulic characteristics requires a lot of
experimental measurements, taking into account the different composition of suspensions and operating modes of the
devices. The known calculation formulas are empirical and semi-empirical. Theoretical formulas are known only for vis-
cosity, but they are limited by the concentration of the solid phase within 2-5%. The aim of the work is to develop a
mathematical model for determining hydraulic characteristics depending on only one measured indicator — the density of
the suspension (the volume weight of the sample). This indicator is easily measured in practice, at processing plants it
serves to monitor the operating mode of the devices. In this work we use a cellular model of a water suspension consist-
ed of discrete particles, and classical definitions of hydraulic characteristics. Based on this, defining formulas were ob-
tained, an algorithm and a program for calculating characteristics were developed. When using the program, the ob-
tained database allows us to establish approximating dependences: for the weight content of the solid phase 8, porosity
€, concentration 8, kinematic viscosity v, density of the suspension ps in a wide range. These dependencies allow us to
calculate the hydraulic characteristics for any zone of the apparatus and different modes using only one simple meas-
urement of pulp density by the weight method. Based on this, for example, it is possible to calculate the speed of con-
strained deposition and floating of particles and to build a map of the distribution of speeds and the efficiency of gravita-
tional separation of particles. The developed mathematical model, algorithm and calculation program can be used to
evaluate the optimal mode, control the stability of the equipment and design new hydraulic devices.

Keywords: mineral suspension, density, viscosity.

1. Introduction

To calculate the design and operating modes of hydraulic devices for
classification and separation of mineral suspensions, the determining factor is the
speed of constrained particle movement. In the simplest case, for thickeners,
deslimers, settling tanks, this is the speed of gravitational constrained deposition and
floating. The efficiency of separation of fine suspensions under gravity is determined
by viscosity, size, shape, density, concentration of solid particles, etc. It is impossible
to separate suspensions having the same densities of the liquid phase and solid
particles, as well as with a particle size of 5-10 um for which Brownian motion
prevails over gravitational deposition. The efficiency of hydraulic separation
decreases with an increase in the concentration of particles and the viscosity of the
suspension.

When describing processes in hydraulic apparatuses, a cellular model is mainly
used. There suspension consists of solid particles with intervals between them. It is
assumed that the particles interact weakly with each other, the velocity gradient does
not depend on the viscosity, and at a significant concentration the particles have a
certain packing (cubic, rhombohedral etc.). The cellular model in the form of an
ensemble of balls, in comparison with the capillary model, allows us to consider
sparse granular layers [1, 2].

Within the framework of the cellular model, many formulas have been proposed
for the speed of constrained particle movement [1-3]. The unifying factor is that in
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all known formulas such hydraulic characteristics as kinematic (or dynamic) viscosity
v and porosity ¢ are used. Porosity is the fraction of the gaps between the particles
that are filled with liquid, or the fraction of the liquid phase. An equivalent concept is
often used - the concentration or fraction of the solid phase f= I-¢.

Experimental determination of the characteristics of ¢ and v requires a variety of
measurements, taking into account the variety of suspensions type and modes of
operation of the devices.

For viscosity v, the well-known theoretical formulas of A. Einstein, L.D. Landau
are valid at a low volume concentration of solid phase f = 2 — 5%. [4]. Basically, all
expressions for v are empirical and semi-empirical and are limited in concentration
[2]. For example, the semi-empirical formulas of Vakhrushev and Zuber are limited
to a solid concentration of up to 25% [3].

To calculate the porosity ¢, in the 50s and 60s, Epstein reviewed more than 50
formulas, and Rutgers analyzed a large number of ratios between concentration and
viscosity [5]. However, the problem of correctly calculating the characteristics of v
and & with the involvement of a minimum of experiments remains relevant and it still
attracts the attention of scientists [6—8].

Practice of measuring hydraulic characteristics. During enrichment, the pulp is a
relatively dense unstructured mineral suspension in relation to the particles moved in
it. In the practice of mineral processing, two hydraulic characteristics of mineral
pulps are constantly measured to control technological processes: the weight content
of the solid phase or the percentage of solid # and the density of the pulp p;. The
percentage of solid 4 is the weight of the solid fraction relative to the weight of the
wet sample. To determine €, a wet sample is weighed, then dried in a drying cabinet,
the dry residue 1s weighed, the calculation 8 is performed according to the formula:

P
=—"_.100 (1)
Pm +Pliq

where P,,, Pj,— the weight of solid and liquid in the pulp, respectively.

Also, in the practice of enrichment, the density of various pulps is constantly
monitored: sands and drains of mills, classifiers, separation products, desliming,
filtration etc. The suspension density p; or volume weight (g/cm?) is defined as:

:Pm+Pliq
Vm+Vliq

Ps (2)

where V,,, Vii; — the volume of solid and liquid in the pulp, respectively.

In practice, the density p, of the pulp is easily measured by weighing a sample of
the suspension, which was collected in a measuring cup with a capacity of 1 liter.
Such a sample can be taken at any point of the hydraulic apparatus, the p; is usually
from 1.1-1.2 g/cm® to 1.6-1.7 g/cm?.



ISSN 1607-4556 (Print), ISSN 2309-6004 (Online) I'eorexniuna mexanika. 2022. Ne 163 157

Main idea. The idea of the work is to establish the dependence of the hydraulic
characteristics of only one indicator — the volumetric density of the suspension. This
idea is based on the statement of J.F. Richards [2] that "the true gravity is equal to the
weight of solid particles minus the pushing force, and the pushing force depends
more on the density of the suspension, than on the density of the liquid, that is part of
the suspension, since the vertical gradient of the statistical pressure (drag force) in the
suspension is determined precisely by its density". It follows from this, that the speed
of movement (determined from the balance of forces) and auxiliary values (viscosity,
etc.) are advisable to associate with the density of the suspension, but not with
density of the liquefying agent, which in most hydraulic devices is water.

The idea of expressing all hydraulic characteristics in terms of p, is attractive
because measuring "manually" the suspension density of p; for any pulp, then it can
be easy to calculate the remaining hydraulic characteristics - percentage of solid,
porosity, viscosity, and then the speed of deposition and floating. For example, taking
samples at different points of the working area of the device, you can build a real
picture of the distribution of speeds.

The aim of the work is to establish analytical dependences of hydraulic
characteristics (solid content, porosity, viscosity etc) on one indicator that is easily
measured in practice - on the density of the suspension p;. These dependencies will
allow us to calculate the speed of particle motion, which is necessary to control the
operating mode of hydraulic devices and design the design of new devices.

2. Methods - theoretical analysis and mathematical calculations.
3. Results and discussion

Mathematical model.

Analytical expressions of the mathematical model were obtained on the basis of
classical definitions of hydraulic characteristics p; , 6, ¢, f, v.

In equation (2), we express p; in terms of 6 from equation (1). Note that Vj;,=
Tii/piigy V= Tw/pm, Where p,, pii; — the densities of the solid and liquid phases of the
suspension, respectively. At the same time pji= 1 g/cm’ since when enriching mineral
suspensions, we almost always deal with water solutions. After the transformations,

we get:
— 3
Ps ) . (3)
l-—f1—-—
100 Pm

The density of the suspension in (3) is measured in g/cm?, to convert to kg/m?, p,
1s multiplied by 1000.

We obtain an analytical expression for the characteristic 4. It will allow you to
calculate @ according to the known density of the suspension p,. From formula (3) we
have:
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: -1
o-100. Lo (s 1) 4)
Ps '(pm - 1)
Hydraulic characteristic porosity ¢ (units) determines the relative volume of liquid
in the gaps between the particles. This is the volume fraction of the liquid, or the
volume concentration coefficient of the liquid in the suspension:

g=—d__ (5)

The volume fraction of a solid or the volume concentration coefficient of a solid £
(units) is defined as:

B = (6)

Vm + Vliq

Obviously, e + f=1and ¢ = 1-4.
We obtain an analytical expression for ¢ as a function of p;.
Let's write the formula (5) using expressions (1) and (4):

£, 100
From formulas (7), (4) we have:
Ps=pPm (1—&)+e (8)
Finally, ¢ is defined from (8) as:
£= Pm ~— Pc (9)
Pm -1

As the concentration in the suspension increases, the interaction of particles
increases, but as long as they do not form a constant structure, the suspension can be
considered a Newtonian liquid. The state of the pulp during enrichment does not
show the presence of a structure in which the particles are oriented relative to each
other in a certain way. That is, the pulp, as a "liquid-solid" system, is a polydisperse,
non-structured Newtonian liquid and the viscosity formulas of Newtonian liquids are
suitable for it.

Among the many well-known formulas for kinematic viscosity, it is advisable to
choose the formula of Vend V. (1948) [4]. It covers the widest range of
concentrations S, and it was obtained based on the study of various pulps and is in
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good agreement with experimental data for all concentrations at which the fluidity of
the suspension is still preserved:

2
V:VO.expz.s B+0.675- 3 (10)
1-0.609 - 3

where v - ecm?/s, vp =0.01 cm?/s is the kinematic viscosity of water at 20 °C.

The analytical expression for viscosity as a function of the density of the
suspension p; is obtained as follows.

First you need to build a dependency in conditional coordinates (X, y) = [ ps, (100-
1/v)], where v 1s determined by the formula (10). For this dependence, we determine
the approximating (correlation) function F(x, y) and then calculate the dependence v
= f(ps) in the form v =1/ (F +100). The rationale for this approach is obtained in [7].

Note that to account for the size and shape of the particles, correction coefficients
are introduced to the hydraulic characteristics 6, ¢, v. Most often, relative geometric
characteristics are used as coefficients - the cross-sectional area of the particles, the
equivalent diameter, etc. For example, in [8], when determining &, the material is
divided into fractions — large, medium, small, and for each fraction for ¢, their own
correction coefficients are introduced.

The hydraulic devices receive raw materials after grinding and classification, so it
has a relatively small variation in size. The effect of particle size on the hydraulic
characteristics of the suspension is a separate task. Whereas the size of a single
particle moving in a suspension is explicitly included in all formulas for calculating
the speed of constrained deposition. Because of this, in the first approximation, the
influence of particle size and shape on hydraulic characteristics can be ignored.

Particle density of the solid phase of the suspension.

All the above formulas (1) — (10) explicitly or implicitly include the indicator p,, —
the density of solid phase particles. For a monodisperse suspension, it is obvious that
this is the density of the particle material. For a polydisperse suspension, p,, can be
determined by two characteristics measured in practice — p; and 6. From formula (3)
we get:

1
100-(1- py)
49',0S

P = (11)

1+

Indicators p,; and 8 of various pulps are constantly monitored at processing plants
to control the technological regime. The task is to keep these indicators constant,
optimal for this operation and the device. Thus, according to the fluctuations of p,; and
0, and, accordingly, p., the change in the hydraulic properties of the pulp will be
monitored, that is, the fluctuation of p, relative to some average value. For the
purposes of calculating and designing devices, it is convenient to define this average
as a weighted average.
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For multicomponent pulps, we recommend defining p,, as the weighted average
density of the constituent components:

Z(pi “Y;)
P = (12)

where i = 1, ..., n — the number of particles of different grades in the suspension;
piand y; — density and output of particles i—grade, respectively.

Obviously, the p,, calculated by the formula (12) can be corrected using (11) and
vice versa. An example of determining the density of solid phase particles p,, for
some polydisperse suspensions is given in Table 1.

Table 1 — Weighted average density of solid phase particles p.» of some finely dispersed water
mineral suspensions

Iron ore processing waste Waste from the basalt quarries of Volhynia
Density p, . Density p,
. 0 . 0
Component Output y;, % o/om’ Mineral Output y;, % o/om’
[ron
(chemical) 12.3 7.8 Tuff 15 1.4
Quartz 57.7 2.65 Lava-breccia 68 2.2
Others 30 2.2 Basalt 17 2.6
pm of suspension 3.15 pm 0f suspension 2.15
Model limitation.

The limitation of the characteristics from below means that there are practically
no particles in the suspension, the density of the suspension p;, tends to 1, the density
of water, and 0 tends to zero. The restriction from above corresponds to the most
dense packing of particles. K.F. Gauss proved that rhombohedral packing was the
densest for spherical particles. At the same time, the maximum volume concentration
coefficient of solid B = 0.741 units, and the minimum porosity € = 1 - 0.741 = 0.259.
The values of B and ¢ determine the restrictions from above. Based on formulas (7)
and (8) we get:

Ps= Pm-(1= &)+ & > Pyiimie. =P 0.74140.259  (13)

gL 0 0, =74.1.-Lm (14)

As we can see, the limiting values of density and percentage of solid depend on
the grade of particles p,,. It follows from the Wend formula (10) that for a suspension
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of solid discrete particles at f = 0.741, the maximum achievable viscosity of the
granular layer does not depend on the type of particles and is v = 0.5748 cm?/s.

Table 2 shows an example of calculating the boundary values of p,, & for some
types of suspensions

Table 2 — Upper boundary value of the characteristics of ps, 6 at different densities of solid phase
particles of the suspension p,

Suspension Pm, glcm? Ps tim , glem? at (13) 0 1im, % at (14)
Iron ore processing waste 3.15 2.593 90
. 2.15 1.852 86.0
Waste from basalt quarries
2.0 1.741 85.1

The high boundary values of p; and 6, are given in Table 2, include practical
indicators of the operation of hydraulic devices. Thus, in the sands of spiral
classifiers, @ is up to 70-75%, in the sands of hydrocyclones - up to 80%, the cake
density of vacuum filters is p, =1.8-1.85 g/cm’ [1]. In ore-dressing practice the pulp
density of ~ 2.0 g/cm?® and higher is never realized, since classification and separation
processes are difficult in a thick suspensions. Thus, the cellular model used is suitable
for practical calculations, it covers a wide range of p, and @ during enrichment.

Algorithm and calculation program.

The algorithm for calculating and determining the approximating dependencies of
hydraulic characteristics on the density of the suspension is as follows.

1. We determine the weighted average density p,, (g/cm?) by the formula (11);

2. We determine the boundary values: p; by the formula (12) and 6 by the formula
(13);

3. We set the initial value of p;, for example, 1.1 g/ cm’, then we vary it with an
arbitrary step up to ps sim.;

4. For each of the p,, we define 0; (%) by the formula (4);

5. We define the dependence 6; =f (ps ;). To do this, we build a trend with the
maximum value of the square of the correlation coefficient R’ and determine the
approximating function of the trend;

6. For each 6; according to p.4, we determine ¢; (units) by the formula (7);

7. We determine the dependence &; =f (ps;). To do this, we build a trend with the
highest R? and determine the approximating function of the trend,;

8. For each ¢;, according to p.6, we calculate f; (items) by the formula f; =1—¢; ;

9. For each p; according to p.8 we calculate v; by the formula (10);

10. We determine the approximating dependence v; = f (ps;). For this:

10.1 Calculating a conditional variable y; =(100—1/v;);
10.2 Building a trend in conditional coordinates (x; y;) =[ psi, (100—1/v;)]. At
the highest R?, we determine the correlation function of the trend F (x;, y));

10.3 Calculating the dependency v; = f (ps;) in the form v= 1/(F+100).
This algorithm is implemented in the program Mc. Excel (Tables 3, 4).
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Table 3 — Database of hydraulic characteristics at p,, =3.15 g/cm’
A B C D E F G H
1 3.15
3 o . . ) ) Q solid, | Q tliquid,
2 | ps, g/em 0, % &g item. | B, item. | v,cm*/s | 100-1/v t/h m® h
3 1.1 13.3 0.953 0.047 0.011 11.4 50 0.1
4 1.2 24.4 0.907 0.093 0.013 22.3 50 0.1
5 1.3 33.8 0.860 0.140 0.015 32.7 50 11.8
6 1.4 41.9 0.814 0.186 0.017 42,4 50 16.2
7 1.5 48.8 0.767 0.233 0.021 51.3 50 20.7
8 1.6 54.9 0.721 0.279 0.025 59.5 50 25.5
9 1.7 60.3 0.674 0.326 0.030 66.9 50 30.6
10 1.8 65.1 0.628 0.372 0.038 73.4 50 36.0
11 1.9 69.4 0.581 0.419 0.048 79.1 50 41.7
12 2 73.3 0.535 0.465 0.062 83.9 50 47.7
13 2.2 79.9 0.442 0.558 0.114 91.2 50 61.0
14 2.4 85.5 0.349 0.651 0.239 95.8 50 76.0
15 2.5 87.9 0.302 0.698 0.367 97.3 50 84.4
16 2.593 90.0 0.259 0.741 0.575 98.3 50 103
Table 4 — To build a database Table 3
No Cell Formula Expression in the program
1 | Al pm , glem? Al=3,15
2 | Al6 Ps lim = pm *0.741 +0.259 A16=8A$1*0,741 +0,259
3 | BI16 0 tin=T4.1" pm/ ps B16=74,1*$A$1/A16
4 | A3...Al5 | Ps.o-e>Psi = Pslim A3=1,1, A4=A3+0,1, ... A15<Al6
5 |B3...B15 0=100- Pm '(,DS - 1) B3=100*((($A$1*(A3-1))/(A3*($AS$1-1))))
Ps (pm - 1)
6 |C3...Cl6 e zl_&,i C3=1-((A3*B3)/($A$1*100))
£, 100
7 | D3..Dl6 | f=1-=¢ D3=1-C3
8 | E3...El6 vy _exp2.5-ﬂ+0.675-ﬂ2 0,01*DEGREE
0 1-0.609- 3 (2,7183;(2,5*D3+0,675*D32)/(1-0,609*D3))
9 |F3...F16 | po_1 F3=100-1/E3
v
10 | G3... G16 | @ sotits t/h G3=50=G4=...=G16
1 H3.HI6 | o Qo -(100-0) 3 | H3 =G3(100-B3)/B3
liquid — 0
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The value Al = p,, (g/cm®) can be set to any, the program will automatically
calculate the database, then you need to delete (cut off) the rows for which p, and 6
exceed the boundary values from it p; i, and Gy,

In Table 3, the typical operating range of hydraulic devices is from 1.2 (feeding
deslimers, hydrocyclones, etc.) to 1.6 g/cm?® (marked in bold).

Additionally, the conditional viscosity index (100-1/v) is given, which is needed
to determine the v=f(p,).

Also, the two columns on the right, reflect the flow rates of solid and liquid per
unit (one device). As an example, the productivity of 50 tons/hour for one MD-5
deslimer in iron ore processing technology is taken. In the program, you can set any
productivity, the amount of liquid to create a certain pulp density in the working area
of the device is determined from formula (1) as:

0 _ Qsolid ’ (100 B 0)
liquid — 9

4. Conclusions

A mathematical apparatus for calculating hydraulic characteristics has been
developed for the water suspension of fine mineral particles. Its peculiarity is that all
characteristics are determined based on the measurement of only one parameter - the
volume density of the suspension. This indicator is easily measured in practice and at
processing plants serves to monitor the technological regime. An algorithm and a
program have been developed to obtain a database of hydraulic characteristics 8, ¢, S,
v in a wide range of suspension densities p;, as well as to establish approximating
dependences of characteristics on the density p,. Based on the obtained hydraulic
characteristics, calculations of the particle velocity in mineral suspensions are
performed, which are the basis for the development of an optimal mode of hydraulic
classification and separation and allow the design of various hydraulic apparatuses.
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MATEMATUYHA MOJENb BU3HAYEHHA MAPABIIYHUX XAPAKTEPUCTUK TOHKOAUCTEPCHUX
BOOHMUX MUHEPAJIBHUX CYCMNEH3IN
Llles4eHko I".0O., HYonuwkiHa O.I., Cyxapes B.B., Kypinos B.C.

AHoTauis. lgpasnivHi XapakTepucTMKL NOMIAMCNEPCHNX MiHEPANbHWUX CYCMEH3iN Taki SIK B'A3KICTb, KOHLEHTpaLis,
MOPO3HICTb, 06'EMHMIA | BaroBWA BMICT TBEPAOi Ta pigkoi dhasn HeobXigHi Ans po3paxyHKy LWBWMAKOCTI BINbHOMO Ta
CTUCHYTOTO OCaKEHHS | CMMMBAHHA YaCTMHOK PI3HOTO CKNady Ta KPymHOCTi. 3a3HayeHa LWBMAKICTb € OCHOBOM
pO3paxyHKy rigpaBniyHKUX anapariB - Knacudikatopis i cenapaTopis npu 36arayeHHi MiHepanbHuUX nynbn. BusHayeHHs
ripaBniyHMX XapaKTepuCTUK BUMarae 6e3nivi ekcnepuMeHTanbHUX BUMIpIOBaHb 3 OrNsAy Ha PidHWA CKnag CyCcneHsii Ta
pexumis poboTtn anapatis. Bigomi po3paxyHKoBi (pOpMynM € eMAipuyHUMK Ta HaniBeMnipuiHUMK. TeopeTuyHi hopmynu
BiOMI NuLe Ans B'A3KOCTI, ane BOHU 0OMEXeHi KOHLeHTpaLieto TBepaoi asn 2-5 %. Metoto pobotn Gyno pospobutu
MaTeMaThyHy MOAENb BU3HAYEHHS rigpaBnivyHUX XapaKTepPUCTUK 3aeXHO NNLLE Bif OAHOTO BUMIPIOBAHOTO NOKa3HMKa —
oB'emHoi Barn npobu abo rycTuHu cycneHsii. Lien nokasHWk nerko BUMIPIOETHCA Ha NpakTuui, Ha 3baradyBanbHuX
(habpukax BiH CRYXWTb A4S MOHITOPUHTY PexuMy ekcnnyatauii anapati. Y poboTi BUKOPUCTAHO MOPUCTY MOLESb
BOAHOI CyCneHaii, O CKNafaeTbCa 3 AMCKPETHUX YaCTUHOK Ta KMacWyHi BU3HAYEHHS rigpaBniYHnX XapaktepucTuk. Ha
niaCTaBi LbOro OTPUMAaHO BU3HAYasbHi (hopMynu, po3pobrieHo anroputm Ta nporpamy po3paxyHKy XxapaktepucTuk. [pu
BMKOPUCTaHHI nporpamu oTpuMaHa 6a3a JaHux [03BOMSE BCTAHOBUTM anpOKCUMYHOYi 3anexXHOCTi Ans BaroBOro BMICTY
TBEPOOI (ha3n 6, MOPO3HOCTI €, KOHUeHTpauii B, KiHeMaTW4HOI B'A3KOCTI Bif LUINMBbHOCTI CYCMeHsii p; B LUMPOKOMY
pianasoHi. 3asHayeHi 3anexHoCTi A03BONAKTb PO3PaxOByBaTW TigpaBnivHi XapaKTEpUCTUKM Ans Byab-sKoi 30HM
anaparty Ta pi3HUX PEXWUMIB BUKOPUCTOBYIOUM NNLIE OAMH HECKNaAHUIA BUMIP FyCTUHW Nynby BaroBUM MeTogoM. Ha
nigcTasi LUbOro, HanpuKnag, MoXHa po3paxyBaTh LUBWAKICTb OCAIKEHHS Ta CMMMBaHHS YaCTUHOK Ta nobyayBaTh KapTy
pO3NogiNy LWBMAKOCTEN Ta €PEKTMBHOCTI rpaBiTaLiHOrO PO3AiNeHHs YacTuHOK. Po3pobneHa matemaTiHa MOZenb,
anroputM Ta nporpama po3paxyHKy MOXyTb BMKOPWUCTOBYBATUCb [AJ11 OLiHKM OMTUMANbHOTO PEXMMY, KOHTPOITO
ctabinbHOCTi poboTy Binomoro obnagHaHHs Ta NPOeKTyBaHHS HOBUX rigpaBmiyHUX anaparTis.

KntoyoBi cnoBa: MiHepasnbHa CycneHsis, LWinbHICTb, B'A3KICTb.
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